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17 p-Riesz bases in quasi shift invariant spaces
Laura De Carli, Pierluigi Vellucci
Abstract. Let 1 ≤ p < ∞ and let ψ ∈ Lp(Rd). We study p−Riesz
bases of quasi shift invariant spaces V p(ψ;Y ).
1. Introduction
Let 1 ≤ p < ∞ and let ψ ∈ Lp(Rd). We consider the shift invariant
space V p(ψ) = Span{τkψ}k∈Zd , where τsf(x) = f(x + s) is the translation
and “bar” denotes the closure in Lp(Rd). Shift-invariant spaces appear nat-
urally in signal theory and in other branches of applied sciences. In [2] [13]
and in the recent preprint [14] quasi-shift invariant spaces of functions are
considered. Given X = {xj}j∈Zd , a countable and discrete
1 subset of Rd
and a function ψ ∈ Lp(Rd), we let
(1.1) V p(ψ; X) = Span{τxjψ}.
Thus, V p(ψ) = V p(ψ;Zd). Quasi-shift invariant spaces are also called
Spline-type spaces in [9], [10] [11], [23].
Following [2], [7], we say that the translates {τxjψ}j∈Zd form a p-Riesz
basis in V p(ψ; X) if there exist constants A, B > 0 such that, for every
finite set of coefficients ~d = {dj} ⊂ C,
(1.2) A‖~d‖ℓp ≤ ‖
∑
j
djτxjψ‖p ≤ B‖
~d‖ℓp .
Here and throughout the paper, we have let ‖f‖p =
(∫
Rd
|f(x)|pdx
) 1
p and
‖~c‖ℓp = (
∑
j∈Zd |cj |
p)
1
p . If x = (x1, ..., xd), y = (y1, ..., yd) ∈ R
d, we will
often let x · y = x1y1 + ... + xdyd and |x|2 = (x · x)
1
2 . We will also let
|x|∞ = sup1≤j≤d |xj |.
1 A countable set X ⊂ Rd is discrete if for every xj ∈ X there exists δj > 0 such that
|xj − xk|2 > δj for every k 6= j.
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If (1.2) holds, then it is possible to prove that
(1.3) 2V p(ψ;X) = {f =
∑
k∈Zd
dkτxkψ(x),
~d ∈ ℓp }
and the sequence {dk}k∈Zd is uniquely determined by f .
p−Riesz bases allow a stable reconstruction of functions in V p(ψ;X);
when X = Zd and B = {τjψ}j∈Zd is a p−Riesz basis of V
p(ψ), the coefficient
dj in (1.3) can be expressed in an unique way in terms of the functions in
the dual basis of B. See [30], [5] and also [1] for explicit reconstruction
formulas.
When ψ has compact support, it is known (see e.g. [1, Prop. 1.1], [16],
[24]) that B is a p−Riesz basis in V p(ψ) if and only if
∑
m∈Zd |ψˆ(y+m)|
2 6= 0
for every y ∈ [−12 ,
1
2 )
d and every m ∈ Zd. See also Lemma 5 in Section 2.
We have denoted with ψˆ(y) =
∫
Rd
e2πix·yf(x)dx the Fourier transform of
ψ. The proof of the aforementioned result relies on the lattice structure of
Z
d and on standard Fourier analysis technique and does not easily generalize
to other sets of translations.
Let ψ ∈ Lp(Rd), 1 ≤ p < ∞, and let X = {xj}j∈Zd be a discrete set of
R
d. It is natural to consider the following problem:
Problem 1. Let BX = {τxjψ}j∈Zd be a p−Riesz basis for V
p(ψ;X); can
we find δ > 0 so that, for every Y = {yj}j∈Zd ⊂ R
d with supj |yj −xj |2 < δ,
the set BY = {τyjψ}j∈Zd is a p−Riesz basis for V
p(ψ; X)?
This problem cannot be solved if ψ has compact support. For example,
let ψ(x) = rect(x) be the characteristic function of the interval [−12 ,
1
2) and
let X = Z; let Y = {yn}n∈Z be such that y0 = δ > 0 and yn = n when
n 6= 0. All functions in V p(rect; Y ) vanish in the interval [−12 ,−
1
2 + δ] and
so V p(rect; Y ) 6= V p(rect).
We prove in Section 3 that Problem 1 can be solved when p = 2 and ψ
is band-limited, i.e., when the Fourier transform of ψ has compact support.
See also Section 5 for more remarks and comments on problem 1
We are concerned with the following problem:
Problem 2. With the notation of Problem 1: let BX be a p−Riesz basis
for V p(ψ; X) and let Y = {yn}n∈Zd that satisfies supn |yn− xn|2 < δ; is BY
a p−Riesz basis for V p(ψ; Y ) whenever δ is sufficiently small?
It is proved in [10] that Problem 2 has always solution when X is rel-
atively separated, i.e., when X = X1 ∪ ... ∪ Xk, with Xj = {xj,n}n∈Zd and
infn 6=m |xj,n − xj,m|2 > 0.
In Section 2 we prove the following theorem.
Theorem 1. Suppose that that ψ is in the Sobolev space W 1,p(Rd), with
1 < p < ∞, and that {τxjψ}j∈Zd is a p−Riesz basis of V
p(ψ;X). For
2 A proof of this ientity was kindly provided to us by K. Hamm
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every j ∈ Zd there exists δj > 0 such that {τyjψ}j∈Zd is a p−Riesz basis of
V p(ψ; Y ) whenever |xj − yj|2 < δj .
We recall that W 1,p(D) is the space of Lp(D) functions whose partial
distributional derivatives are also in Lp(D) and that W 1,p0 (D) is the closure
of C∞0 (D) in W
1,p(D).
When X is not relatively separated the δj ’s in Theorem 1 may not have a
positive lower bound, but we can still solve Problem 2 in the cases considered
in Theorems 2 and 3 below.
Theorem 2. Assume that ψ ∈ L1(Rd) ∩ L2(Rd) satisfies
(1.4) 0 < c =
∑
k∈Zd
inf
x∈[0,1)d
|ψˆ(x+ k)|2 <
∑
k∈Zd
sup
x∈[0,1)d
|ψˆ(x+ k)|2 = C <∞.
Then, Problem 2 can be solved when p = 2 and {e2πixn·x}n∈Zd is a Riesz
basis in L2([0, 1)d).
We recall that the amalgam space W (L∞, ℓq) is the set of
measurable functions f : Rd → C for which ||f ||W (L∞, ℓq) =(∑
n∈Zd supx∈[0,1)d |f(x+ n)|
q
2
) 1
q
< ∞. The amalgam space W (Lr, ℓq) can
be defined in a similar manner.
The assumption (1.4) implies that ψˆ is in the amalgam spaceW (L∞, ℓ2).
From Theorem 2 follows that if ψ satisfies (1.4), then {τykψ}k∈Zd is a
2−Riesz basis of V 2(ψ, Y ) whenever |k − yk|∞ <
1
4 . See the remark after
the proof of Theorem 2 in Section 4.
Exponential Riesz bases in L2(0, 1) are completely understood and clas-
sified [20]. To the best of our knowledge, no such characterization exists for
exponential bases on L2((0, 1)d) when d > 1.
For our next theorem we consider ψ in the Sobolev space W 1,p0 (R
d); we
denote with ∂jψ =
∂ψ
∂xj
the partial derivative (in distribution sense) of ψ and
we let ∇ψ = (∂1ψ, ..., ∂dψ) be the gradient of ψ. Let Y = {yk}k∈Zd and
L = sup
k∈Zd
|yk − k|2 <∞.
We prove the following
Theorem 3. Let D = (a1, b1) × ... × (ad, bd) be a bounded rectangle in
R
d. Let ψ ∈ W 1,p0 (D), with 1 ≤ p < ∞, and let {τkψ}k∈Zd be a p−Riesz
basis of V p(ψ) with frame constants 0 < A ≤ B <∞. If
(1.5) C = L
d∑
j=1
(1 + [bj − aj + L])
p−1‖∂jψ‖
p
p < A,
the set {τykψ}k∈Zd is a p−Riesz basis of V
p(ψ; Y ) with constants B+C and
A− C.
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The proofs of Theorems 2 and 3 are in Section 3.
Our Theorem 3 can be compared to [10, Theorem 3.5]. In this theorem
it is assumed that |∇(ψ)| is in the amalgam space W (L∞, ℓ1), and that
infx∈[0,1)d
∑
k∈Zd |∇ψ(x+ k)|2 > 0.
In the aforementioned theorem is proved that {τykψ}k∈Zd is a Riesz basis
of V 2(ψ; Y ) if C ′ = L2(1 + 2L)2d||∇ψ||2
W (L∞, ℓ1) < A. Generalizations to
functions for which |∇(ψ)| is in the amalgam space W (Lq, ℓ1), with q > d
are also possible (see Remark 3.2 in [10]).
Our Theorem 3 reduces to [10, Theorem 3.5] when p > d and ψ has
compact support. For example, when ψ has support in [0, 1)d, the norm in
W (Lp, ℓ1) reduces to ||∇ψ||p. The constant C in Theorem 3 may be smaller
than C ′ defined above when the support of ψ is small.
Theorem 3 does not apply when ψ = rect or when ψ is a step function;
For J ≥ 1, we let SJ =
{
s(t) =
∑
|j|≤J sj rect(t− j), sj ∈ R
}
. We let
p′ = p
p−1 be the dual exponent of p. The following theorem is proved in
Section 4.2.
Theorem 4. Assume that g ∈ SJ and that {τkg}k∈Z is a p−Riesz basis
for V p(g), with frame constants A and B. If
2pLJ ‖g‖pp′ < A ,
the sequence {τykg}k∈Z is a Riesz basis for V
p(g;Y ).
Acknowledgement. We are grateful to the anonymous referee of this paper
for her/his thorough reading of our manuscript and for providing suggestions
that have improved the quality of our work.
We also wish to thank K. Hamm for providing a proof of the identity
(1.3) for p 6= 2.
2. Preliminaries
2.1. Notation. We denote with 〈f, g〉 =
∫
Rd
f(x)g¯(x)dx and ‖f‖2 =√
〈f, f〉 the standard inner product and norm in L2(Rd). For a given p ∈ Rd
and δ > 0, we let B(p, δ) = {x ∈ Rd : |x− p|2 < δ}.
We let rect(x) = χ[− 1
2
, 1
2
)(x) be the characteristic function of the interval
[−12 ,
1
2) and β
s = rect(s+1)(x) = rect ∗...∗rect(x) be the s+1−times iterated
convolution of rect. The function βs(x), a piecewise polynomial function of
degree s, is a B-spline of order s. See [27], where the B-splines were first
introduced, and [21], [32] and the references cited there.
2.2. p− Riesz bases. Recall that a Schauder basis in a separable
Banach space V is a linearly independent set B = {vj}j∈Z such that:
span(B) = V , and there exists a sequence of bounded linear functions
fj : X → C (the functional coefficients of the basis) such that x =
∑
j fj(x)vj
for every x ∈ V .
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Following [6], [7] and [2], we say that B is a p−Riesz basis of V , with
1 ≤ p < ∞, if Span(B) = V , if every series
∑
n anvn converges in V when
~a = (an)n∈Z ∈ ℓ
p and if there exist constants A, B > 0 such that, for every
finite sequence of coefficients {dj}j∈Z ⊂ C, we have
A‖~d‖ℓp ≤ ‖
∑
j
djvj‖p ≤ B‖~d‖ℓp .
Every p−Riesz basis is a Schauder basis. As mentioned in the introduction,
when V = V p(ψ) and ψ has compact support, the functional coefficients of
the basis {τkψ}k∈Z of V
p(ψ) can be written in terms of the dual functions
of the basis.
The following results are well known (see e.g. [1, Prop. 1.1], [16], [24]).
Lemma 5. a) Let ψ ∈ Lp0(R
d). The set B = {τkψ}k∈Zd is a p−Riesz
basis in V p(ψ) if and only if
(2.1)
∑
m∈Zd
|ψˆ(y +m)|2 6= 0 for every y ∈ [−12 ,
1
2)
d.
b) If ψ ∈W (L∞, ℓ1) is continuous and if B is Riesz basis in V 2(ψ), then
B is a p-Riesz basis in V p(ψ) for every 1 ≤ p <∞.
Proof. For the convenience of the reader we prove that if ψ ∈ L20(R
d),
B is a Riesz basis of V 2(ψ) with constants 0 < A ≤ B < ∞ if and only if
the following inequality holds for every y ∈ Q = [−12 ,
1
2 )
d.
(2.2) A ≤
∑
m∈Zd
|ψˆ(y +m)|2 ≤ B.
We can verify (using e.g. the Poisson summation formula) that the function
in (2.1) is continuous in Q, and so (2.2) is equivalent to (2.1).
Let {ck}k∈Zd ⊂ C be a finite set of coefficients such that
∑
k |ck|
2 = 1.
The Fourier transform of f =
∑
k∈Zd ckτkψ is
fˆ(y) = ψˆ(y)
∑
k∈Zd
cke
2πiy·k = ψˆ(y)M(y).
and by Plancherel’s theorem ‖f‖22 = ‖fˆ‖
2
2 =
∑
m∈Zd
∫
m+[− 1
2
, 1
2
)d
|fˆ(y)|2dy =
∑
m∈Zd
∫
Q
|ψˆ(y +m)|2|M(y)|2dy =
∫
Q
|M(y)|2
∑
m∈Zd
|ψˆ(y +m)|2dy.
Let g =
∑
m∈Zd |ψˆ(y + m)|
2; if (2.2) holds, from ||f ||22 =∫
Q
|M(y)|2g(y)dy and
∫
Q
|M(y)|2dy =
∑
k |ck|
2 = 1 follows that A ≤ ||f ||22 ≤
B.
Conversely, from A
∑
k |ck|
2 ≤ ‖f‖22 ≤ B
∑
k |ck|
2 and the above consid-
erations, follows that
(2.3) A‖M2‖L1(Q) ≤
∫
Q
|M(y)|2g(y)dy ≤ B‖M2‖L1(Q).
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Every non-negative h ∈ L1(Q) can be written as h = |M |2, withM ∈ L2(Q).
The dual of L1(Q) is L∞(Q) and so ‖g‖L∞(Q) = sup‖h‖
L1(Q)=1
∫
Q
f(y)g(y)dy.
From (2.3) follows that A ≤ ‖g‖L∞(Q) ≤ B as required.

We will use the following Paley-Wiener type result.
Lemma 6. Let X, Y ⊂ Rd be countable and discrete. Suppose that
{τxjψ}j∈Zd is a p−Riesz basis of V
p(ψ;X) with constants A ≤ B. If the
inequality ∥∥∥∥∥∥
∑
j
aj(τxjψ − τyjψ)
∥∥∥∥∥∥
p
p
≤ C
∑
n
|an|
p
holds for all finite sequences {an}n∈Zd ∈ C with a constant C < A, the
sequence {τyjψ}j∈Zd is a p−Riesz basis of V
p(ψ; Y ) with constants B + C
and A−C.
Proof. Assume that
∑
n |an|
p = 1; we have:∥∥∥∥∥∥
∑
j
ajτyjψ
∥∥∥∥∥∥
p
≤
∥∥∥∥∥∥
∑
j
aj(τxjψ − τyjψ)
∥∥∥∥∥∥
p
+
∥∥∥∥∥∥
∑
j
ajτxjψ
∥∥∥∥∥∥
p
≤ C +B
and ∥∥∥∥∥∥
∑
j
ajτyjψ
∥∥∥∥∥∥
p
≥
∥∥∥∥∥∥
∑
j
ajτxjψ
∥∥∥∥∥∥
p
−
∥∥∥∥∥∥
∑
j
aj(τxjψ − τyjψ)
∥∥∥∥∥∥
p
≥ A−C.

Proof of Theorem 1 . Assume p ∈ (1,∞) and
∑
j |aj |
p = 1. Let
p′ = p
p−1 is the dual exponent of p and let {δj}j∈Zd be a sequence of positive
constants such that
∑
j |δj |
p′ < ∞, We recall that, when 1 < p < ∞, a
function f ∈ Lp(Rd) is in the Sobolev space W 1,p(Rd) if and only if there is
a constant c > 0 that depends on f but not on δ, such that
(2.4) ωp(δ, f) = sup
|t|<δ
||τtf − f ||p ≤ cδ
for every δ > 0. Furthermore, one can choose c = ‖∇f‖p. See e.g. Prop.
9.3 in [4]. By (2.4) and Ho¨lder’ s inequality,∥∥∥∥∥∥
∑
j
aj(τxjψ − τyjψ)
∥∥∥∥∥∥ ≤
∑
j
|aj | ‖τxjψ − τyjψ‖p ≤
∑
j
|aj | δj
≤ c

∑
j
|aj |
p


1
p

∑
j
|δj |
p′


1
p′
= c

∑
j
|δj |
p′


1
p′
.
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We can chose the δj so small that c
(∑
j |δj |
p′
) 1
p′
< A and use Lemma 6 to
complete the proof. 
3. Problem 1 (p = 2)
In this section we prove that Problem 1 can be solved when p = 2 and
ψˆ has compact support.
Theorem 7. Let ψ ∈ L2(Rd). Assume that ψˆ has compact support and
that there exist constants c, C > 0 such that
c ≤ inf
x∈Rd
|ψˆ(x)| ≤ sup
x∈Rd
|ψˆ(x)| ≤ C.
Let {τxjψ}j∈Zd be a Riesz basis in V
2(ψ,X). There exists δ > 0 such that
if Y = {yj}j∈Zd ⊂ R
d satisfies supj |xj − yj | < δ, then also {τxjψ}j∈Zd is a
Riesz basis of V 2(ψ).
Proof. Let D = supp(ψˆ). When p = 2, Plancherel theorem implies
that the set {τxjψ}j∈Zd is a Riesz basis in V
2(ψ) if and only if the set
{e2πixj ·x}j∈Zd is a Riesz basis on L
2(Rd, ψˆ dx). Our assumptions on ψˆ
imply that the norm on L2(Rd, ψˆ dx) is equivalent to the norm on L2(D)
and that {e2πixj ·x}j∈Zd is an exponential Riesz basis on L
2(D). Exponential
Riesz bases on bounded domains of Rd are stable under small perturbations
(see [22] and also Section 2.3 in [18]); we can find δ > 0 such that, if
Y = {yj}j∈Zd ⊂ R
d satisfies supj |xj − yj| < δ, then also {e
2πiyj ·x}j∈Zd is a
Riesz basis on L2(D) and hence also in L2(Rd, ψˆ dx). 
Example. Let d = 1 and let ψ = sinc(x) = sin(πx)
πx
; the Fourier transform
of τkψ(x) = sinc(x − k) is e
2πikx rect(x) = e2πikxχ[− 1
2
, 1
2
)(x), and so V
2(ψ)
is isometrically isomorphic to Span{e2πijx rect(x)}j∈Zd = L
2(−12 ,
1
2). By
Kadec’s theorem ([17], [33]) if Y = {yn}n∈Zd ⊂ R is such that supn |yn −
n| ≤ δ < 14 , the set {e
2πiynx}n∈Zd is still a Riesz basis of L
2(−12 ,
1
2 ) and
therefore, the set {sinc(x − yn)}n∈Zd is a Riesz basis for V
2(sinc). Thus,
V 2(sinc; Y ) = V 2(sinc).
Things are not so clear when p 6= 2. For example, the trigonometric
system B = {e2πinx}n∈Zd is a Schauder basis in L
p(−12 ,
1
2 ) when 1 < p <∞,
but it is not a p−Riesz basis and the previous example cannot be generalized
in an obvious way. Stability results for the Schauder basis B in Lp(−12 ,
1
2)
are proved in [25] and in [26].
4. Problem 2
In this section we prove Theorems 2 and 3. Let X = {xn}n∈Zd and
B = {e2πix·xn}n∈Zd . We first prove the following
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Lemma 8. Let ψ ∈ L2(Rd) ∩ L1(Rd) be as in (1.4); if B is a Riesz
basis in L2([0, 1)d) with constants A1 and B1 then {τxnψ} is a Riesz basis
of V 2(ψ,X)} with constants A = A1c and B = B1C.
Proof. For k ∈ Zd, we let ck = infx∈(0,1]d |ψˆ(x + k)|
2 and Ck =
supx∈(0,1]d |ψˆ(x + k)|
2. Let {dj} be a finite set of complex coefficient such
that
∑
j |dj |
2 = 1. Since B is a Riesz basis in L2((0, 1]d), for every given
k ∈ Zd we have that
A1 ≤
∥∥∥∥∥
∑
n
dne
−2πixn·k e2πixn·y
∥∥∥∥∥
2
L2((0,1]d)
≤ B1.
From this inequality follows at once that
ckA1 ≤
∥∥∥∥∥
∑
n
dne
−2πixn·ke2πixn·yψˆ(.− k)
∥∥∥∥∥
2
L2((0,1]d)
≤ CkB1.
With c =
∑
k∈Zd ck and C =
∑
k∈Zd Ck = ||ψ||
2
W (L∞, ℓ2), we have
A1c ≤
∑
k∈Zd
∥∥∥∥∥
∑
n
dne
2πixn·(.−k)ψˆ(.− k)
∥∥∥∥∥
2
L2((0,1]d)
≤ B1C.
In view of
∑
k∈Zd ‖g(. − k)‖L2((0,1]d) = ||g||2, we obtain
A1c ≤
∥∥∥∥∥
∑
n
dne
2πixn·yψˆ
∥∥∥∥∥
2
2
≤ B1C.
By Plancherel’s theorem, the latter is equivalent to A1c ≤ ‖
∑
n dnτxnψ‖2 ≤
B1C and so {τxkψ}k∈Zd is a Riesz basis of V
2(ψ,X), as required. 
Proof of Theorem 2. Let B = {e2πix·xn}n∈Zd be a Riesz basis in
L2([0, 1)d); it is proved in [22] (see also Section 2.3 in [18]) that we can
find δ > 0 such that, if Y = {yj}j∈Zd ⊂ R
d satisfies supj |xj − yj|2 < δ, then
also {e2πiyj ·x}j∈Zd is a Riesz basis in L
2([0, 1)d). By Lemma 8, {τynψ} is a
Riesz basis of V 2(ψ, Y ). 
Remark. When Y = {yk}k∈Zd is such that supk∈Zd |k − yk|∞ <
1
4 , by the
multi-dimensional generalization of Kadec’s theorem proved in [31] we have
that {e2πiyj ·x}j∈Zd is a Riesz basis in L
2([0, 1)d) and by Lemma 8, {τynψ}n∈Zd
is a Riesz basis of V 2(ψ, Y )}.
4.1. Proof of Theorem 3. In order to prove Theorem 3 we need some
preliminary result: first, we prove the following
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Lemma 9. Let (a, b) ⊂ R, with a < b < ∞, and let 1 ≤ p < ∞. Let
ψ ∈ Lp0(a, b). For every finite set of coefficients {αj} ⊂ C, we have that∥∥∥∥∥
∑
k
αkτkψ
∥∥∥∥∥
p
p
≤ ‖ψ‖pp([b− a] + 1)
p−1
∑
k
|αk|
p
where [ ] denotes the integer part.
Proof. For simplicity we let a = 0. When b ≤ 1 the supports of the
τkψ’s are disjoint and so ‖f‖
p
p = ‖
∑
k αkτkψ‖
p
p
= ‖ψ‖pp
∑
k |αk|
p. When
b > 1 the supports of the τkψ overlap, and there are at most [b] + 1 of
such supports that intersect at each point. By the elementary inequality
(x1 + · · · + xm)
p ≤ mp−1 (xp1 + · · ·+ x
p
m) (which is valid when the xj are
non-negative) we have that
|f(t)|p = |
∑
k
akτkψ(t)|
p ≤ ([b] + 1)p−1
∑
k
|ak|
p|τkψ(t)|
p
and so ‖f‖pp ≤ ([b] + 1)p−1‖ψ‖
p
p
∑
k |αk|
p as required. 
Let Y = {yk}k∈Zd be a discrete subset of R
d. Assume that L =
supk∈Zd |yk − k|2 <∞. We prove the following
Lemma 10. Let D =
∏d
j=1[aj , bj ] and let ψ ∈W
1,p
0 (D). Then, for every
finite set of coefficients {αj} ⊂ C such that
∑
k |αk|
p = 1, we have that
(4.1)
∥∥∥∥∥
∑
k
αk(τkψ − τykψ)
∥∥∥∥∥
p
p
≤ L
d∑
j=1
(1 + [bj − aj + L])
p−1‖∂jψ‖
p
p.
Proof. When d = 1 and D = (a, b), we prove that
(4.2)
∥∥∥∥∥
∑
k
αk(τkψ − τykψ)
∥∥∥∥∥
p
p
≤ L(1 + [b− a+ L])p−1‖ψ′‖pp
where ψ′(t) denotes the distributional derivative of ψ. Assume first that
yk > k. Observing that ψ(t + yk) − ψ(t + k) =
∫ yk
k
ψ′(t + x)dx and that
|k − yk| ≤ L, we have that∥∥∥∥∥
∑
k
αk(τkψ − τykψ)
∥∥∥∥∥
p
p
=
∥∥∥∥∥
∑
k
αk
∫ t+yk
t+k
ψ′(x)dx
∥∥∥∥∥
p
p
≤
∥∥∥∥∥
∑
k
|αk|
∫ t+k+L
t+k
|ψ′(x)|dx
∥∥∥∥∥
p
p
=
∥∥∥∥∥
∑
k
|αk|τkg
∥∥∥∥∥
p
p
where we have let g(t) =
∫ t+L
t
|ψ′(x)|dx. It is easy to verify that g(t) is
supported in the interval [a− L, b]. Indeed, ψ′ is supported in [a, b] and so
g(t) ≡ 0 whenever t+ [0, L] ∩ [a, b] = ∅. Thus, g(t) ≡ 0 when t+ L < a or
t > b, or: g(t) ≡ 0 when t ∈ R− [a− L, b], as required.
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By Lemma 9
(4.3)
∥∥∥∥∥
∑
k
αk(τkψ − τykψ)
∥∥∥∥∥
p
p
≤
∥∥∥∥∥
∑
k
|αk|τkg
∥∥∥∥∥
p
p
≤ (1 + [b− a+ L])p−1‖g‖pp .
We apply a change of variables and Minkowsky’s integral inequality; we
gather
‖g‖p =
∥∥∥∥
∫ t+L
t
|ψ′(x)|dx
∥∥∥∥
p
=
∥∥∥∥
∫ L
0
|ψ′(x+ t)|dx
∥∥∥∥
p
≤ L‖ψ′‖p
which together with the inequality (4.3) concludes the proof of (4.2). When
yk < k the proof if similar, but the function g(t) defined above should
be replaced by g(t) =
∫ t−L
t
|ψ′(x)|dx, a function supported in the interval
[a, b+ L].
When d = 2 we can let yk = (yk,1, yk,2) and k = (k1, k2) and write∥∥∥∥∥
∑
k
αk(τkψ − τykψ)
∥∥∥∥∥
p
≤
∥∥∥∥∥
∑
k
αk(τ(k1,k2)ψ − τ(yk,1,k2)ψ)
∥∥∥∥∥
p
+
∥∥∥∥∥
∑
k
αk(τ(yk,1,k2)ψ − τ(yk,1,yk,2)ψ)
∥∥∥∥∥
p
=
∥∥∥∥∥
∑
k
αk(τk1ψ1 − τyk,1ψ1)
∥∥∥∥∥
p
+
∥∥∥∥∥
∑
k
αk(τk2ψ2 − τyk,2ψ2)
∥∥∥∥∥
p
where we have let ψ1 = τ(0,k2)ψ and ψ2 = τ(yk1 ,0)
ψ. The inequality (4.2),
applied to ψ1 and ψ2, yields (4.1). The case d > 2 is similar.

Proof of Theorem 3. Follows from Lemmas 6 and 10. 
4.2. rect and step functions. Since Sobolev spaces W 1,p(R) do not
contain discontinuous functions, we cannot apply Theorem 3 when ψ is a
step function.
Let ψ = rect; it is immediate to verify that, for every 1 ≤ p <∞, the set
{τj rect}j∈Z is a p−Riesz basis of V
p(rect) with frame constants A = B = 1.
Throughout this section we let Y = {yk}k∈Z ⊂ R, with L = supk∈Zd |yk − k|
and we assume 1 ≤ p <∞.
Lemma 11 below is an easy generalization of Lemma 10 in [8].
Lemma 11. Assume 0 ≤ L < 1. For every finite set of coefficients
{αk}n∈Zd ⊂ C we have that
(4.4)
∥∥∥∥∥
∑
k
αk(rect(t− k)− rect(t− yk))
∥∥∥∥∥
p
p
< 2pL
∑
k
|αk|
p.
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Proof. Assume
∑
k |αk|
p = 1. Let
(4.5) f(t) =
∑
k
αk (rect(t− k)− rect(t− yk)) =
∑
k
αkχIk ,
where Ij denotes the support of rect(t− j)− rect(t− yj). When yj 6= j, Ij
is union of two intervals that we denote with I+j and I
−
j . When yj > j, we
let
I−j = (j −
1
2
, yj −
1
2
), I+j = (j +
1
2
, yj +
1
2
).
We use (improperly) the same notation to denote I+j and I
−
j also when
yj < j.
Since we have assumed |yh − h| ≤ L < 1, for every given interval
J = I±h there is at most another interval I
±
k that overlap with J ; thus,
for every t ∈ R, the sum in (4.5) has at most 2 terms. By the ele-
mentary inequality (x1 + · · · + xm)
p ≤ mp−1 (xp1 + · · ·+ x
p
m) we have that
|f(t)|p ≤ 2p−1
∑
k |αk|
pχIk(t), and ‖f‖
p
p ≤ 2p−1 supk |Ik| = 2
p−1(2L) = 2p L
and the proof of the Lemma is concluded. 
Lemma 11 and Lemma 6 yield the following
Theorem 12. With the notation of Lemma 11, the set {τyk rect}k∈Z is
a p−Riesz basis in V p(rect; Y ) if 2pL < 1.
Corollary 13. Let ψ0 ∈ L
1(R) and let ψ = rect ∗ψ0. Suppose that
{τkψ}k∈Z is a p−Riesz basis for V
p(ψ). For every finite set of coefficients
{αk}n∈Z ⊂ C with
∑
k |αk|
p = 1, we have that∥∥∥∥∥
∑
k
αk(ψ(t − k)− ψ(t− yk))
∥∥∥∥∥
p
p
< 2pL‖ψ0‖
p
1
and the set {ψ(t− yk)}k∈Z is a p−Riesz basis for for V
p(ψ;Y ) whenever
(4.6) 2pL‖ψ0‖
p
1 < A.
Remark. If ψˆ0(x) 6= 0 for every x ∈ R, then the set {τkψ}k∈Z is a p−Riesz
basis for V p(ψ). Indeed,
∑
m∈Z |r̂ect(y + m)|
2 =
∑
m∈Z | sinc(x + k)|
2 6=
0 whenever x ∈ [−12 ,
1
2) and so also
∑
m∈Z |ψˆ(x + k)|
2 =
∑
m∈Z |ψˆ0(x +
k)r̂ect(x + k)|2 6= 0; by Lemma 5 the set {τkψ}k∈Z is a p−Riesz basis for
V p(ψ).
proof of Corollary 13. Let
F (t) =
∑
k
αk (ψ(t− k)− ψ(t− yk)) , f(y) =
∑
k∈Z
αk (rect(y − k)−rect(y − xk)
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and we show that ‖F‖pp ≤ 2pL‖ψ0‖
p
1. We gather
F (t) =
∫ ∞
−∞
ψ0(t− y)
∑
k∈Z
αk (rect(y − k)−rect(y − xk)) dy
= ψ0 ∗ f(t).
Thus, by Young’s inequality and Lemma 11,
‖F‖pp ≤ ‖ψ0‖
p
1‖f‖
p
p ≤ 2
pL‖ψ0‖
p
1
and the proof of the corollary is concluded. 
Let βm(x) = rect
(m+1) be the B-spline of order m > 1. We recall
that βm is supported in the interval [−
m+1
2 ,
m+1
2 ] and βm(x) ∈ W
1,p(R)
whenever m ≥ 1. It is easy to verify by induction on m that ‖βm‖p ≤ 1 and
‖β′m‖p ≤ 2. It is known that {τkβm}k∈Z is a Riesz basis of V
2(βm) whose
Riesz constants A(m) and B(m) are explicitly evaluated in [19]. See also
[28]. By the observations after Lemma 5, {τkβm}k∈Z is a p−Riesz basis of
V p(βm) with constants Ap(m) > 0 and Bp(m) <∞.
We prove the following
Corollary 14. Assume that L < 2−pAp(m). Then, the set {τykβm}k∈Z
is a p−Riesz basis of V p(ψ, Y ).
Proof. We apply Corollary 13 with ψ0 = β
m−1. 
Remark. We could have used Theorem 3 to prove Corollary 14, but we
would have obtained a lower upper bound for L (namely, L <
Ap(m)
2(2+m)p−1
).
proof of Theorem 4. Let g(t) =
∑
|j|≤J sj rect(t − j). Let
{αk}n∈Zd ⊂ C be a finite set of coefficients such that
∑
k |αk|
p = 1. Let
f(t) =
∑
k
αk (g (t− k)− g (t− xk)) .
As in previous theorems, we find conditions on L for which ‖f‖pp < A.
We have
f(t) =
∑
|j|≤J
sj
∑
k
αk (rect(t− j − k)− rect(t− j − xk))
=
∑
|j|≤J
sjfj(t).
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By Minkowski and Ho¨lder inequalities, and noting that
∑
|j|≤J |sj|
q = ‖g‖qq,
it follows that
‖f‖p ≤
∑
|j|≤J
|sj|‖fj‖p ≤

∑
|j|≤J
|sj |
p′


1
p′

∑
|j|≤J
‖fj‖
p
p


1
p
= ‖g‖p′

∑
|j|≤J
‖fj‖
p
p


1
p
,(4.7)
With the change of variables t− j = t′ in the integral below, we obtain∫
R
|fj(t)|
pdt =
∫
R
∣∣∣∣∣
∑
k
αk (rect(t− j − k)− rect(t− j − xk))
∣∣∣∣∣
p
dt
=
∫
R
∣∣∣∣∣
∑
k
αk
(
rect(t′ − k)− rect(t′ − xk)
)∣∣∣∣∣
p
dt′
=
∥∥∥∥∥
∑
k
αk(rect(t− k)− rect(t− yk)
∥∥∥∥∥
p
p
.
From Lemma 11, follows that the integral above is ≤ 2pL. We gather:
‖f‖pp ≤ 2pLJ ‖g‖
p
p′ . By assumption 2
pLJ ‖g‖pp′ < A, and by Lemma 6
Theorem 4 follows. 
5. Remarks and open problems
We have discussed Problem 1 when p = 2 and the Fourier transform of
the window function ψ has compact support. When ψ is not band-limited,
Plancherel’s theorem implies that the set {τxjψ}j∈Zd is a Riesz basis in
V 2(ψ,X) if and only if the set V = {e2πixj ·x|ψˆ|}j∈Zd is a Riesz sequence
in L2(Rd), and hence a Riesz basis in V = Span(V)). By a theorem of
Krein-Milman-Rutman (see e.g. [33, Theorem 11]) for every j ∈ Zd there
exists ǫj > 0 such that every set of functions {gj}j∈Zd ⊂ V is a Riesz
basis of V whenever ||gj − e
πixj ·x|ψˆ||2 < ǫj. We can find δj > 0 such that
||(eπixj ·x − eπiyj ·x)ψˆ||2 < ǫj whenever |xj − yj|2 < δj , but we do not know
whether the δj ’s have a lower bound or not.
For functions ψ in Lp(Rd) for every p ∈ [1,∞) it would be interesting
to prove conditions that would ensure that a q-Riesz basis in V q(ψ,X) for
some q is automatically a p-Riesz basis in V p(ψ,X) for all p. Lemma 5 (b)
shows that, for certain ψ, if the set {τkψ}k∈Zd is a 2-Riesz basis of V
2(ψ),
it is also a p-Riesz in V p(ψ) but the method of proof of this result does not
generalize well to other sets of translations. Results in [3] and [29] may help
generalize Lemma 5.
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It would also be interesting to define and investigate p-Riesz bases in
quasi-shift invariant spaces V p(ψ,X) when 0 < p < 1. Wavelet in Lp with
0 < p < 1 have been considered in [12]. We feel that the results contained in
Section 3 of [12] may help the understanding of V p(ψ,X) when 0 < p < 1.
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